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The problem of determining the motion of a vortex under the surface of a
liquid, under the influence of gravity, for Froude numbers near unity
(but larger than unity), may have two solutions, as has been remarked by
Moiseev [ 1 ]. One of these solutions corresponds to a flow which tends to
plane-parallel flow when the intensity of the vortex tends towards zero.
The existence of this solution was shown by Ter-Krikorov [2]. The
existence of a second solution is shown below. It corresponds to a flow
whose free surface tends to a solitary wave form when the intensity of
the vortex tends toward zero.

In the first two sections, an approximate method of solution of the
problem is expounded. This approximate solution serves to clarify some
particularities of the flow. At the same time, it is of use in the actual
construction of the exact solution.

1. Formulation of the problem. Consider the motion of a vortex
of intensity y, moving with constant speed ¢ such that the nondimensional
speed, or Froude number, F2 = ¢?/gH is near unity, but is larger than
unity. The vortex moves in a canal of finite depth H under the surface of
an ideal fluid which is under the influence of gravity. We will suppose
that far in front of and far behind the vortex the fluid is at rest and
that the free surface is then parallel to the bottom c¢f the channel. By
reversing the motion we shall consider the flow of fluid past the vortex.

Without loss of generality, we shall suppose that both the speed of
the vortex and the depth of the channel are equal to unity.

The system of coordinates will be chosen as is shown in Fig. 1. The
vortex occupies the point A(0, a). Letting w = w(z) denote the complex
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Fig. 1.

potential, the problem reduces to the determination of the function w(z)
which is analytic in the domain D, has a logarithmic singularity at the
point z = ia, and satisfies the following boundary conditions:

] 1
SB[+ @—const (v=3), $=1on@, ¢=00() (L1
and the asymptotic conditions

lim ¥ (z) = 1, 1im(g§i) =1 for |z|— oo (1.2)

where Y = Y(x) is the equation of the a priori unknown surface of the
fluid, and

w(Z):?(.T,y)***iCI)(,T’ y) (Z'»?: x+zy)

Let us introduce the parametric domain D’, the strip of unit width
0 <5 < 1. Let us map the domain D in the z plane into the strip D’ in
the ¢ plane by means of the analytic function { = £lx, y) + inlx, y) in
such a way that the points of infinity correspond, and so that the point
A(0, @) in the domain D corresponds to the point 4°(0, B) in the domain
D’. The intensity of the vortex is not affected by the conformal trans-
formation.

Since the curves (L) and (S) are streamlines of the flow in D, it
follows that the curves (L’) and (S’) are streamlines in D’. Thus, in the
¢ plane our problem reduces to that of determining the flow past a vortex
in a canal of constant width. Hence the complex potential w({) may be
written down explicitly:

_ sh [Ygm (£ — iB)]
w(l) = 5 In ~hi (T8 1’/’# ) 48 (1.3)
where

Imw{@ =0 for n=0, Imw(C) =21 for =1 (‘14)

Inserting dv({)/d{ in (1.1), we obtain

é_fz ® |% |2 + vy () = const (f € =l'— % 7:1:_1:?—?}-15%?@) (1.5)
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Clearly, in the present problem we have; const = 1/2 + v,

In order that the speed on the free surface never vanish, it 1is
necessary to require that

1 <2ctgl/ynp (1.6)
The condition (1.2) now becomes ;’ ()
) * A'
limy@=1, W1 for g/~ (17) P
Since the axis y = 0 corresponds to the Fig. 2.
axis 7 = 0, we have
Yy 0)=0 (1.8)

However, the problem in question does not possess a unique solution.
Ter-Krikorov [ 2] constructed an exact solution of this problem, which,
as y » 0, tends to the plane parallel flow.

It may be expected that there exist solutions which, asy » 0, tend to
a nontrivial solution of the homogeneous problem. The possibility of this
nonuniqueness has been pointed out by Moiseev [1]. The unique solution
of this problem for y = 0 and the given asymptotic conditions at infinity,
is a solitary wave.

Consequently, let us pose the problem of determining a solution which,
as y » 0, tends to the solution of the homogeneous problem which charac-
terizes a solitary wave. Since a solitary wave exists for Froude numbers
near unity, the quantity 1 - v must be supposed to be small; correspond-
ingly, the quantity y must also be supposed small, in the general case,
of an order not less than that of 1 - v.

2. Approximate solution of the problem. Let us suppose that
the equation of the free surface is such that the function y = y(¢)
varies slightly and that its curvature is small. Then, following the plan
of the solution in [3 ], let us replace d{/dz in (1.5) by its approximate
expression

ag

1 29@ 1y
dz

=2® T3 YO T3 EE (2.1

For u = y(¢) — 1 we obtain the equation

u” (8) — u (§) {— 37h1 (B) — 2 () —+ -+ 2 (B4 67/ (B) 4 1}
4 ut (§) {—g - 62 (E) + ITHE) -+ - — & [BF By (E) -+ -1} - (22)

— B O A @l — T @ — S @ ur(E — =0
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where

i _ 1 sinmp
e=1—v, 11 ® 2 ch =t + cos =B
The solution of equation (2.2) may be supposed to be of the form
u(€) = uy(€) + u,(€), where uy = uy(£) depends only on ¢, i.e. is a solu-
tion of Equation (2.2) for y = 0. The functions u,({) and u,(£) will be
sought in the form

u ()= N\ e"ugp, w (@) = ) U, (2.3)
n=1 n=1

where it is required that

U (B)=0  for [E[—oo, u, (=0 for [£]—oo (2.9)

Substituting from (2.3) into (2.2) and equating to zero the coeffi-
cients of ¢ and of y of uy; and of u;,(£) we obtain the equations

r” (Er) — Butgr (Ex) + 2 pa? (Ex) = O (2.5)
uyt” (€) — 3euss (§) + Yuar (1) uq1 (6) = @ (&, f1, o) (2.6

where
O, f1, up) = 3f1(E) [1+ ua ()], L=Vt @7

so that Equation (2.6) holds up to order ¢2.

The solution of (2.5) satisfying (2.4) has the form

e

O Vi G — &) 2.8)

r
e—“‘—'_-\J0 ) In order to integrate (2.6), it is necessary
r\‘-——"’__- to know two solutions of the homogeneous equa-

tion
Fig, 3.
v (£) — 3ev -+ Jugyw = 0 @.9)
These two solutions are
. dt
V1= Ug1, g =g 7’?

The Wronskian of these solutions is
A"= 1/’11}/2 -—v’lvzz 1

Hence the general solution of (2.6) is given by
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E

g
i
U3 = K (51 S [0)] (E, f],~ “01) Ugd& + €101 + 'i— Vg g ()} (E, fl, um) UldE + Colg (210)
Q0 —C0

Since v, » o as |£] » e, in order that the function u,,(£) be bounded
in absolute value at infinity we must have ¢, = 0 and

—+oo
L&) = S D(E, f1. up)dE =0 (2.12)

—00

Since the function f,(£) is an even function, and the functions
f1&), u“(f), uél(f) are monotonic with respect to &, the function has
the general appearance of the graph in Fig. 3.

From Fig. 3 it follows that I'(£)) = 0 only for £, = 0. This leads us
to assume that the peak of the wave lies above the vortex.

Since y(£) = 1+ euyy + €ugy + oov +y(u;; + .o+ oo., asy > 0 the
wave tends to a solitary wave, which is a solution of the homogeneous
problem, which is characterized by the terms

&
() =1-+eun (um = m) (2.13)

In what follows, starting from the precise formulation of the problem,
we shall prove the following theorem:

2 . . . .
when the speed v = ¢ 3% < 1 is near unity (i.e. a is near zero),

then for a vortex of small intensity y = '/ cH (where y < a) there exists
a solitary wave solution,

3. Transformation of the fundamental boundary condition.
For the further development of the exact problem and for the simplifica-
tion of the boundary condition (1l.5) we introduce the auxiliary analytic
function

o €) =0 0 +irE ), %jf— = e—io®) 3.1y

Let us substitute (3.1) into (1.5) and differentiate the resulting
equation with respect to £. Besides, let us observe that

a\ 00

dy o 90
9 an

= i0({) — g—7 'ne
2 Ime e—"sin¥f,

Finally, instead of (1.5) we obtain the following equation:

80 ¢ 3*sin® g (g 7 sinmf .
m= Y E® T f® (f(E)”l 3 chnk + cos ©B ) (3.2)

’
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Let us set
v=g¢"3% (y1), t=\+4a?, o@) =0¢E ) +itE n (3.3)
Condition (3.2) is then replaced by the following:

90 e %sin® g 3.4
m T E) 7® (3.4)

From (3.1) it follows that

|4 9
z=ia+g dodd  or z=i(m—~p)+c+g[ei"’l("—1]dt
i iB

where a and 8 are the heights of the submerged vortices in the physical
and in the parametric domains D and D’ respectively. From the last equa-
tion it follows that

|4

y=(x—B)+7m+ Img[ei“’x“) —1]dt
iB
Since y » 1, andn » 1 as |£| » =, we obtain
—oo-Hi
B=a -+ Im%[e"“‘l“) —1]dt (3.5)
i

Condition (1.8) for w(¢), and also condition (1.7) in view of (3.1),
become

limo ({)=0 as [E]—o (3.6)

Consequently, from (3.3):
t—>a? 88 |E|—oe (3.7)

The exact problem, therefore, may be formulated thus: given a and y,
determine the function w({) = @ + ir which is analytic in the strip
0 <n < 1, is continuous alongn = 0 and n = 1, and satisfies the bound-
ary conditions (3.4), (3.6) and ( 3.7), where B8 is the functional occur-
ring in (3.5).

As was remarked in Section 1, the problem posed possesses a nonunique
solution which tends, as y » 0, to a nontrivial solution of the homogen-
eous problem, characterizing a solitary wave.

We will suppose that 0 < 8< 1l and v < L.

The condition 0 < 8 < 1 means that the vortex does not lie on the free
surface, and the condition v < 1 means that the vortex moves at a super-
critical spead, which is near the critical speed.

4. Green’s function. The fundamental boundary condition (3.4) may
be rewritten as follows
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e—3tsin 8

72

a0

E—-e:

—0+ER=F 0 < a1, p) (4-)

In order to reduce the problem to a nonlinear integral equation, we
need the Green’s function G({, {’) for the strip 0 < y < 1, satisfying
the boundary conditions

%%—H=O; for n=1 H=0 for n=0 H=ReG({, {)

Such a Green’'s function G(£, ¢”) was first obtained by John [6 ], and
was employed by Friedrichs and Hyers [3].

Lemma 4.1. Suppose that ¢ is a contour consisting of the real axis in
the { plane, together with a loop around the origin of coordinates in the
negative half of the plane.

Then the Green’s function G({, {’) may be represented as follows

no 4 g sinp (C—if) pohp(1—n)—shp(i—mn)
G, t)_?‘“—ic " e dp (4.3)

for 0w <
The Green’s function may be continued to the remainder of the domain
0<7p<1, 0<95’<1in such a way that conditions (4.2) hold.

Lemma 4.2. The Green's function G({, {’) may, for "= 1, be repre-
sented in the form of a sum

GE, 0N =G (&, E+D+ G E+0) (4.4)
vhere
N 3.1 , A W e
(;a(z;,§+;)=4zs[5+(t~5)“1, G1(¢’:,E+i)—2ﬁ§m B
. , 1 for E—E>0 “6)
s=sgnE=E=_ | forg_p<o '
and, besides
Gy (58 +i)y—0 for [E—E o0 (4.7

Lemma 4.3. Suppose that F(8, 7, a, y, B8) = F(£) is continuous on
— =< £ < + » and that the integral
+co
S E2F (£) dE < o0 (4.8)
o

exists; then the function
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0@ =0+it= \ G, )VF@O,7,0a,7,p)dE (4.9)

-—00

1

is an analytic function on the open strip 0 < 7 < 1, is continuous on the
closed strip 0 < 5 <1, and 6 satisfies the boundary conditions (3.6) and
(4.1), in the sense that

m @, —6)=F{& as 11, n<; 6=0 for n=0

5. Reduction of the problem to a system of nonlinear inte-
gral equations. In order to obtain an equivalent system of nonlinear
integral equations, let us introduce the operators

o o
GF = SG(E,E’)F(E’)dE', G(n) F = SG(C,E’+i)F(E’)dE’ (5.1)

The constructed solution of the nonlinear integral equation
8-+ it=GF(5,+a,7,B) (5.2)

for the functions 6 and 7 on the boundary 5 = 1, furnishes the solution
of the problem under consideration., Indeed, according to Lemma 4.3 the
solution @ + ir of (5.2) is an analytic function w({), whose boundary
values satisfy the first condition (3.6) and condition (4.1),

Let us study the asymptotic character of the functions defined by
Formula (5.1), relative to the second condition (3.6),

According to Lemma 4.2 we have

GLE+)=G G E+i)+G (§F +19) (5.3)
where

Gi(LE+ -0 as [E—F ][>0

1f F(£) is such that the integral (4.8) exists, then, according to
Lerma 4.2, G () F» 0 as | €| > . But Gy({, £ + i) is the square of a
polynomial in £ and £”, so that the convergence to zero of G,(n)F as
[£] » = is not obvious, unless F(£) is required to satisfy some addi-
tional restrictions. But, since from (4.5)

GolGE +i) =T isE—tP + Last—t) + Lis (S —2)  (54)
it follows that
Go(MF = —QuFm +iQF + i (52— 3) QF (9.5)
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-+00
QuF =2 { sign ¢ —8) G~ 82 F @) & (5.6)
where —eo
+oo oo
GF = —2 g (E—& | FE)d¥, QuF = 2 | sign ¢ —¥) F @ d¥

Lemma 5.1, Suppose that F(£) is an even function, continuous and de-
creasing at infinity in such a way that the integral (4.8) exists. If,
besides, the integral (5.8) equals zero, then G,(3)F-» 0 as |£]| - = and

o o oo

QoF = -—3Sd5’ | dE”SF(E’”) dg"
)

v

QF = SSdS’ S FEY&',  QF=—2% g FE)de (5.7)
g g ¢

The proof is immediate. Since

400

{er@a=0 (5.8)

from (5.6) we readily obtain (5.7).

In view of this we shall suppose that the wave is symmetric, i.e. that
r is a even function of ¢ and that 6 is an odd function of £, and then

F(£) = F(6, r, a, y, B) will be an odd function of £.

Thus, if 6(&) and r (£) satisfy (5.8) and (5.2), then by Lemmas 4.3
and 5.1 the function w({) will satisfy the second condition of (3.6);
and, consequently, will be a solution of the problem under consideration.
The remainder of this paper will be devoted to the detemination of the
functions € and r from equation (5.2).

For convenience, we shall separate the operator G,F into real and
imaginary parts:

G F = (T, - iT,)F (5.9)

Then the integral equation (5.2), on account of (5.5), (5.7) and
(5.9), may be written as follows
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(5.10)
0= [—Szl + TI]F(6)1$a1 T,B)» T = [QO—QI +T2]F(9119a77rp) + a?

where B is the functional appearing in (3.5), and

(5.11)
“+o0
&EF(B,t,a,x,B)dEzO; 80 as [E]>o00, T—a% as |E}— oo
Suppose that the function k = k(£) is odd and such that
00
{eneyaz=1
—00
Let us introduce the auxiliary function
—+00
O=0 05018 =FO50np) —k@ |FOm o7& (.12
Then the equation
“+oco
| e (6%, a,7,8) =0 (5.13)

is identically satisfied.

Instead of the system (5.10) we shall solve the modified system

0:[—91'}“]’1]@(9:17‘1177?)’ T=a2+ [QO_Q2+T2]®(9='§’(£1T7@)

6. Properties of the operators. Let us introduce the classes of
continuous functions R, and R,, consisting of odd functions §(£) and even
functions r (£) respectively, defined on the axis — oo < £ < + oo, and
such that | e2660(£) | and | e2¢7 (£) | are bounded for ¢ > 0 and consider the

noms
|0] =supe[0®)],  [r]=supe®|(§)] (—o0 <|E|< + )

Let us denote by R the space of pairs u=1{60, r} of functions 8 and r,
defined on the axis — o0 < £ < + =, with the norm

ful =101+ | |1

We now prove a number of lemmas.
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Lemma 6.1. If F(£)ER,, then Q FER,, @, F&ER,, Q,F€R,, and the
following inequalities hold

IQFI<SIFl,  [WFI<IFI  IQF|<ZIF] (6.1)

Proof: Since

QoF = —3{ ag' {aer { F gmyagm
13 £ E*
we have
g Y AT 3 —28
IQOF1<3}I'F]{SJE Sdg & eE g =2 Fle
g 13 g

From this, [|QF|| < 3/8 F. The last two inequalities of (6.1) are
proved in the same way.

Lemma 6.2, If F(f)EBl, then T, F=R, and T)FER, and the following in-
equalities hold

ITWF<qlF),  ITFi<glF|  (g= const) (6.2)

As we shall see below, g > 0.9065,

Proof: Let
s e o=y
J=(Ty+iTy) Fe= 5 - S [S mdp] F (£ dE” (6.3}
—o ¢

Using Euler’s formula and the oddness of F(£) it may be shown that
J=J;, +J,, vwhere

o - n +1
1 ¢ chp—ipf) —iuE o m
le-“g—_““dr* e R (£) dE’
T chyp —sh : e
Jeehp—shp® ) (6.4)
) £ urn
i ePeT i e e gpr
n=tl e a (anver @ e Fie. 4.
v

c

Put p = 6 ~ 1A, consider the contour G in the A > 0 half plane, and
let us estimate J; by deforming C, around the poles of the integrand

P chih, —shyp, =0
Let us write J, as follows:

Jy=—

1 g =18 (18

2

o0
—ius" Y ’
e dpge F @) at 6.5
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Estimating the inner integral in (6.5) we obtain

S —ing'p (&) dE’ ' < uFu % —28" ,—i(o—iA)E’ g’ ' — “ u e—2(1+/:M)8 (6.6)
13 g
Let us put
—wg O WEe
Ki(e 8 =g | @Y, Ka 8= G| HFE)
g g

Then, letting n » =, it is easily seen that

Jy=2mi Y\ R, +2mi )\ R,

where
Rpyy=—% i Shpp, = '——1:— [T ch (B &) (6.7)
1 1— Pm
Bmp=—7 a3 Kaltm (6.8)

Since 7 m <X, < w(m+ 1/2), from (6.6) it follows that

PV o e 14amtYym 1
|2nR, | <|Fl e 25-Tm2—m7n<[|17”e25 m2mn? 24m

By addition, using (6.8) for all m, we obtain

[es] o0
21 D) | Rppy | < 0.1929] F | e2%, 21 )| Ry | < 0.4142[ F &% (6.9)
m=1 m=1

From (6.9) it follows that
[ J1] < 0.3071 | F| (6.10)

Now let us estimate J,. The inner integral of J, may be estimated thus:

{ A28 __ g | — e DE }

g
lglan'F(E))dE"<2uFu "—2 T Ay2
0

Let us put

4
K (yn, £) = €7 \ sin ' F (&) a8
0

Then



710 I.G. Filippov

1 ] (A28 e —2E __ —3AE
L2
|K(P~a€)]<2 e “F”{ *— 9 -+ A2 }
_ i K (pps B) em T+,
Jo=2mi DR, Bn= un by, = w Klmd
From this
Q0 [= o yd
1 1 jl+2
=2z SR, | < {ezﬁw[ ] m}
mE=1 ™ 9112:1 2 TR, 3| R

But, since wm < A, <w(m+ 1/2), we obtain

1 (7.3 1

[Tal <[Fe™® D) —5 m+;{> < O0.599| F e[ Ty < 0.5994 | F || (6.11)

m=1
From inequalities (6.10) and (6.11) it follows that
IGF<q|Fl, ¢>009065, or |[TWF|<q|F| ITFi<q|F| (6.12)

and the proof is complete.

Now, (5.14), the fundamental system of integral equations, may be
written in the form

H(w,a,7,B) ={H(w,a,7,B), Hy(w,a,7,8)}=0 (6.13)

where

Hl(w,a,'r,p)ZG‘“[gzl‘{" Tllm(e,‘t‘,a,"{,ﬁ)
Hy(w, 0,7, B =1—0a>—[Qy— Qs+ T,] OO 7,a,7.8)

Lemma 6.3. The operator H defined by (6.13) transforms the space R
into itself, and possesses, for finite @¢ and y, and for arbitrary w<=R,
a Frechet differential. The operator H is continuous with respect to w,
a, v, B, and the differential & H is continuous with respect to w, q,
¥, B, 8w, when these variables range over bounded domains or intervals,
as the case may be.

Proof: Suppose that u = {6, r} varies in an arbitrary fixed sphere
MR, where y < 2, cotan{r 8/2), and @ lies in a finite interval [,

Since the function F(£) is given by

e 3% 5in 6 & B ¥ sin =3
FO=—pmg Yty VO=l—vamics

it is obvious that F({)&R, is an entire function of 8, 7, a, y, B, which
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is continuous in w, a, y, B under the restrictions placed on a and y;

and that [F(£) | < ec.

Further, from (5.12) it is clear that ®@, r, a, y, B) is also bound-
ed and uniformly continuous with respect to o, a, y, B; and that ®=R,,
i.e. ||®}| < ¢ for wEM, where a, y, B are finite.

From (6.13) and (6.14), together with Lemmas 6.1 and 6.2, it follows
that H&R.

In order to prove the continuity of H(w, a, y, B), let us notice that

Hl ((l)', alr 'r,v B’)'-“ Hl ((’)v a, v, p) =
(0 —0) [ — T{D @, 7, o, ¢, B) — D, %, a, v, )} (6.15)

Further, using Lemmas 4.1 and 4.2 we see that the noms of the first
and second terms of (6.15) may be made small, provided that ||8"~ 6|,
fr*~7]l, la”-~a|,|y” = y|,|B" — B| are small, and hence H, is uni-
formly continuous in all its variables. This assertion also holds for
H,. Putting

“+co
8D = Fgdb + Fodt—k (E) S E(Fod0 + F.8t)dE

—
we have that

SHy =80 —[—Q, + T]8® (v, a, v, B; dw)
SHy = 81— [Qo — Q3 + T5] 3@ (v, a, ¥, B; S0)

The proof that 8H, and §H, are uniformly continuous in o, a, y, B,
8@ 1s similar, and the theorem is proved.

7. Existence theorem. In order to prove the existence of the
solution w = @ + ir of the equation H(w, a, y, B) = 0, which satisfies

~+oo
S EF 6,1, a7, B)dE=0 (7.1)

—00

for y £ 0, let us write 0 = 6, +86, 7 = 74 +0T1, where

B, = —1,, o = a? (1 — 3t,), to = schzgaﬁ (7.2)
is the approximate solution 6, r in the case of the solitary wave.
Then Equation (6,13) becomes
H (0, 8w,a,7,8)=0, or &ll(ma,r,B; do) =25 (7.3)
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where 6 H 1is the Frechet differential of the operator H, and & {&=R.

Consider first the case y = 0. In this instance we have the problem

of Friedrichs and Hyers. Putting & = ¢{ and carrying out the indicated
operations in (7.3) for y = 0, we obtain

o0 bocd
86, — g Sd&’ S {70188, ~+ B3, — K () T (188, + 0057)} d&” = 3p,
£ g
o 0 (7.9)
Sy —g Sde, g dE"g {0180, + 89187y — K (§”) TH (9180; +- 6,87,)} dE” = 3o,
A O
where
6913%:2-, 51‘,]:511:%, =10 +1, ‘C;_:—:?, elm%
4o
I (F) = S EF () dE
Put y =87, ~80,; — y* =86, —8p,; then Equation (7.5) becomes
Y — g (tay) + 9k E) I {(ty)] + Fi(y) =0 (7.6)
with
oo
Fi(y) = 9 (to1dps + 901803 — k& (§) 1 (1018p1 + B0xd0y)}, & EF (y)de=0

that is, F, is not an arbitrary element of R,. Integrating (7.6) we
obtain

=9y +ck@=g@® c=M(my)], 8@ =) FLO&E (1.7)
|4

Besides, it is readily seen that the function g(¢) satisfies

oo
Sg(&)ds‘:o

—Qo

In [3] it is shown that Equation (7.7) has solutions in R, of the
form

y=Migl—cM[K] (7.8)

where M{h] is a linear bounded operator. Let us write

M K] = uy (§), pr (8) = {—u1 (6), u1 (B)}
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Lemma 7.1. There exists a linear bounded operator from R to R such
that, for each real ¢ and each 8 J,€R:

Sy = Ny (8J,) — ey (B) (@0 =8 +1i,) (7.9)
is a solution of the variational Equation (7.5), that is
8H (g, 0, 0; dw;) = 87, (7.10)

Returning to the variable &, Equation (7.9) may be written

dw = N (80) — cp (dw =0 for a=0) (7.11)
where
p = {—a%u,’ (af), a%u,(af)}, Ow = a%b 4 ia%-

Going back to the equation H(w, a, y, B) = 0, let us write it thus
H (0,,0,0) — H (0,a,1,B) =0 (7.12)

Adding SH(wo, 0, 0, z) to both sides of (7.12), where w = wy + z, we
obtain

8H (0, 0,0,2) =T (z,a,%, B)+ P(a, ¥, B) (7.13)
where
T(z,a,7,B8)=238H (wy 0,0, z) — H (v, + z, a, ¥, B) + H (0, a, 7, B)
P (a’ T, p) =H ((1)0, 0, 0) —H (m()r a, 1, B) (7'14)

Lemma 7.2. Given €,> 0, there exist positive numbers I, x, v, such
that

||T(Zl,a,7,B)—T(22,a,'T,B)I<€1"Zl-—22" (715)
foro<<a<<l, <!, B<x<1, |al<r, Jzl<r
{P(a,7,B)li<e for 0<<a<Cl, 7y<l, BGB<x<t (7.16)

Proof: We have

T (22, a,%,B)—T (21, a,7,B) =8H (05,0, 0; 20 —2) — Ho (w0 -+ 21, a,7, 8) -}

+]I ((‘)0+zﬂy a, v, B) =3l ((‘oOy 0! O» 22_2)—811 (u)0+zlv a, T, By z‘l-'zl) _!'
1

-} S {811 (wy »{—'zl, a,v,Bi20—21) 8 (0o 2.+ 5 (22— 2z1), a, 7, B; 22 21)} s
(]

The Lipschitz condition (7.15) is a consequence of the fact that, in
view of Lemma 6.3, the function 8§ H(w), a, B, ¥; 8 w) is uniformly con-
tinuous in the variables @, @, f3, y, 8 ®, and is continuous in the vari-
ables o, a, f3, y. The assertion (7.16) also follows from Lemma 6.3.
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Applying Lemma 7.1 to (7.13), we see that it is equivalent to the
equation

2= NP(a,%,B)+ NT (3,0, 1,8) —cp (7.17)

For a=y = 0, ¢ = 0 we have the solution z = 0, Since, by Lemma 7.1,
N 1s a bounded linear functional, it follows that the right hand side of
(7.17) satisfies a Lipschitz condition with respect to z with a Lipschitz
constant which is small for small values of a and y. Thus, when qa, y, ||
are small, Equation (7.17) may be solved by the usual iteration method,
and its solution is

wEa B c)=0+2(a7B ¢ (7.18)

We note that the same can be said in relation to zc', since z is con-
tinuous with respect to ¢ and has a continuous derivative with respect
to ¢, as is easily seen.

It remains to show that ¢ may be chosen, in its dependence on a and y,
such that

00
e, 1= &6 7 a1 Bdi=0

-—C0

However, since for y = 0 we have the problem of Friedrichs and Hyers,
the function F(£) may be represented thus

F (§) = a®Fq (0, a, ¢) + 1F (0, a, 1, B)

Hence
(e, 1, ¢) =g (a, ¢) +11L; (a, ¥, ¢) (7.19)
where
+co0 oo
I, (a, ¢) = a8 S tFo(w, a,c)dE, T, (a, ¥, ¢) = § EF, (0, a, 1, B)dE  (7.20)

Since @,” = z* exists and is continuous, {7.19) may be differentiated
with respect to c¢. Consequently

Hc’ = H()cl +- T’chl
It may be shown that

M= a8 (3 £  (ymr0 foF 050,
Besides
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+00
I, = S E{Fy't. + Fi't' + pc’ [Fi' + eﬁ,Fm' + TB’FU]} d

—00

Further, (7.11) implies that
Tc' - achl (E’ a‘; ’r; p)r ec' = as?Z (E’ a; 'rv p)v pc’ = a2v

where ¢, and ¢, are bounded functions, and v is a finite number. Thus

I =a*[A(ae, 7, B) +&] (-0, y—>0tor a—0) (7.20)
Therefore

I = 0® (5 + &) + a*([4 (@ 7, B) + & (7.21)

Equation (7.21) implies that 11,70, 0, 0,) = 0 and that II,”> 0 in the
neighborhood of a = 0, y = 0, ¢ = 0, provided that |y| < a. Thus, under
these conditions on y, the bifurcation equation (7.19) may be uniquely
solved for ¢. In view of this

(l)(E, av 'r’ p’ C) = ‘90 (E' ar C) + Z(E’ (l’ T’ l3’ C) (7'22)
gives a solution of the problem satisfying the condition (7.1).

From the nature of the solution of Equation (7.12) it follows that
for small, but fixed, values of a the solution (7.22) tends, asy » 0,
to a solitary wave solution.

This concludes the proof of the theorem formulated at the end of
Section 2, and our problem has been solved.

In conclusion I wish to thank N.N. Moiseev for his help and advice.
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